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============
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We denote by → and ⇀ strong and weak convergence, respectively. Let $\documentclass[12pt]{minimal}
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                \begin{document}$A_{0}: V\rightarrow V^{\ast}$\end{document}$ be a nonlinear single-valued mapping.

Definition 1.1 {#FPar1}
--------------

see \[[@CR2]--[@CR6]\]
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                \begin{document}$\lim_{\xi\rightarrow\infty} {\Phi(\xi)=+\infty}$\end{document}$);(v)uniformly monotone, if there exists a gauge Φ such that $$\documentclass[12pt]{minimal}
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The single-valued pseudomonotone mixed variational inequality problem is formulated as finding a point $\documentclass[12pt]{minimal}
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                \begin{document}$f\in V^{\ast}$\end{document}$ is a given element.

Problem ([1.1](#Equ1){ref-type=""}) is equivalent to finding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in V$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Such problems appear in many fields of physics (e.g., in hydrodynamics, elasticity or plasticity), more specifically, when describing or analyzing the steady state filtration (see, for example, \[[@CR1], [@CR7]--[@CR9]\] and the references cited therein) and the problem of finding the equilibrium of soft shells (see, for example, \[[@CR1], [@CR7], [@CR10]--[@CR12]\] and the references cited therein).

The existence of at least one solution to problem ([1.1](#Equ1){ref-type=""}) can be guaranteed by imposing pseudomonotonicity and coercivity conditions on the mapping $\documentclass[12pt]{minimal}
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It is well known (see, for example, \[[@CR3], [@CR14]\]) that $\documentclass[12pt]{minimal}
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Therefore, we always assume that the dual space of a reflexive Banach space is uniformly convex.

Remark 1.1 {#FPar2}
----------

see, for example, \[[@CR15]\]

The single-valued duality mapping *J* is bounded Lipschitz continuous and uniformly monotone.

In order to find a solution of problem ([1.1](#Equ1){ref-type=""}), Badriev et al. \[[@CR1]\] suggested the following two-layer iteration method: for an arbitrary $\documentclass[12pt]{minimal}
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In this way the original variational inequality problem ([1.1](#Equ1){ref-type=""}) is thus reduced to another variational inequality problem involving the duality mapping *J* instead of the original pseudomonotone mapping $\documentclass[12pt]{minimal}
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In \[[@CR18]\], Saddeek and Ahmed considered the following two-layer iteration method for solving the nonlinear operator equation ([1.4](#Equ4){ref-type=""}) in a Banach space *V*: $$\documentclass[12pt]{minimal}
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                \begin{document}$u_{0}$\end{document}$ is an arbitrary point in *M*.

Saddeek and Ahmed \[[@CR18]\] proved some weak convergence theorems of iterations ([1.7](#Equ7){ref-type=""}) and ([1.8](#Equ8){ref-type=""}) for approximating the solution of nonlinear equation ([1.4](#Equ4){ref-type=""}).

Attempts to modify the two-layer iterations ([1.7](#Equ7){ref-type=""}) and ([1.8](#Equ8){ref-type=""}) so that strong convergence is guaranteed have recently been made.

In \[[@CR19]\], Saddeek introduced the following modification of ([1.8](#Equ8){ref-type=""}) in a Hilbert space *H* (boundary point method): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} h(u)=\inf\bigl\{ \alpha\in[0,1]: \alpha u\in M\bigr\} \quad \forall u\in M. \end{aligned}$$ \end{document}$$ He obtained strong convergence results for finding the minimum norm solution of nonlinear equation ([1.4](#Equ4){ref-type=""}).
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                \begin{document}$h(u_{n})u_{n}$\end{document}$, a boundary point of *M*, so iteration ([1.9](#Equ9){ref-type=""}) is known as the boundary point method.

In \[[@CR21]\], Saddeek extended the results of Saddeek \[[@CR19]\] to a uniformly convex Banach space and introduced the following modification of the two-layer iteration ([1.7](#Equ7){ref-type=""}) (boundary point method): $$\documentclass[12pt]{minimal}
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                \begin{document}$\tau>0$\end{document}$, and *h* is defined by ([1.10](#Equ10){ref-type=""}).

In \[[@CR22]\], Noor introduced and studied the following generalized multivalued pseudomonotone mixed variational inequality problem: find $\documentclass[12pt]{minimal}
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Clearly, problems ([1.1](#Equ1){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) are special cases of problem ([1.12](#Equ12){ref-type=""}).
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In \[[@CR1]\], Badriev et al. obtained the following weak convergence theorems using the two-layer iteration ([1.5](#Equ5){ref-type=""}).

Theorem 1.1 {#FPar3}
-----------

see \[[@CR1]\], Theorem 1
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$V^{\ast}$\end{document}$, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J:V \rightarrow V^{\ast}$\end{document}$ *be the duality mapping*. *Let* *M* *be a nonempty closed convex subset of* *V*. *Let* $\documentclass[12pt]{minimal}
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                \begin{document}$A_{0}:V \rightarrow V^{\ast}$\end{document}$ *be a pseudomonotone*, *coercive*, *potential*, *and bounded Lipschitz continuous mapping*. *Let* $\documentclass[12pt]{minimal}
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                \begin{document}$\{u_{n}\}$\end{document}$ *defined by* ([1.5](#Equ5){ref-type=""}) *is bounded in* *V*, *and all of its weak limit points are solutions of problem* ([1.1](#Equ1){ref-type=""}).

Badriev et al. \[[@CR1]\] have remarked that, due to the reflexivity of *V*, the mixed variational inequality ([1.1](#Equ1){ref-type=""}) is solvable by Theorem [1.1](#FPar3){ref-type="sec"}.

In Theorem [1.1](#FPar3){ref-type="sec"}, the assumption that *V* is reflexive can be dropped. Indeed, if $\documentclass[12pt]{minimal}
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Theorem 1.2 {#FPar4}
-----------

see \[[@CR1]\], Theorem 2
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                \begin{document}$0<\tau<\tau_{0}=2\gamma$\end{document}$ *converges weakly in* *H* *to a solution of problem* ([1.1](#Equ1){ref-type=""}).

Some attempts to prove the weak convergence of the whole sequence in the framework of Banach spaces have been made by Saddeek and Ahmed \[[@CR23]\] and Saddeek \[[@CR24], [@CR25]\].

Although the above mentioned theorems and all their extensions are unquestionably interesting, only weak convergence theorems are obtained unless very strong assumptions are made.

This suggests an important question: can the two-layer iteration method ([1.5](#Equ5){ref-type=""}) be modified to prove its strong convergence to the minimum norm solution of problem ([1.12](#Equ12){ref-type=""}).

In this paper, inspired by \[[@CR20], [@CR21]\], and \[[@CR22]\], a generalized multivalued pseudomonotone mixed variational inequality is considered, and a modified two-layer iteration via a boundary point approach to find the minimum norm solution of such inequalities is introduced, and its strong convergence is proved in the framework of uniformly convex spaces. The results obtained in this paper improve and generalize the corresponding recent results announced by \[[@CR1]\].

Definitions and preliminary {#Sec2}
===========================

Definition 2.1 {#FPar5}
--------------

see \[[@CR5], [@CR26], [@CR27]\]
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The following two lemmas are also useful in the sequel.
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Lemma 2.2 {#FPar8}
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*Every Hilbert space is uniformly convex*, *and every uniformly convex Banach space has the Kadec*-*Klee property*.

Main results {#Sec3}
============

In this section, we propose a modification of the two-layer iteration method ([1.5](#Equ5){ref-type=""}) by the boundary point method to establish strong convergence theorems of the modified iteration for finding the minimum norm solution of the following generalized pseudomonotone mixed variational inequality in uniformly convex spaces: find $\documentclass[12pt]{minimal}
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The modified two-layer iteration {#Sec4}
--------------------------------
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Observe that iteration ([3.3](#Equ19){ref-type=""}) is a modification and generalization of iterations ([1.11](#Equ11){ref-type=""}) and ([1.9](#Equ9){ref-type=""}).
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### Proof {#FPar10}
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Now we divide the proof into steps.
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### Remark 3.1 {#FPar13}

Theorems [3.1](#FPar9){ref-type="sec"} and [3.2](#FPar11){ref-type="sec"} extend and improve the corresponding Theorems [1.1](#FPar3){ref-type="sec"} and [1.2](#FPar4){ref-type="sec"}.

### Example 3.1 {#FPar14}

Axisymmetric shell problem

A quintessential example of a single-valued mapping satisfying all the assumptions contemplated in Theorems [3.1](#FPar9){ref-type="sec"} and [3.2](#FPar11){ref-type="sec"} which appears in determining the axisymmetric equilibrium position of a soft netlike rotation shell is as follows:
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Conclusion {#Sec5}
==========

A generalized multivalued pseudomonotone mixed variational inequality is considered, and a modified two-layer iteration via a boundary point approach to find the minimum norm solution of such inequalities is introduced, and its strong convergence is proved in the framework of uniformly convex spaces. The results develop the corresponding recent results.
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